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I. INTRODUCTION 
Let S be the underlying set for a groupoid, i.e., a set closed under a binary 
operation. Unless otherwise specified the operation will be denoted by juxta- 
position. Fuzzy subgroupoids and fuzzy subgroups of S were defined by 
A. Rosenfeld [2] in the following way. 
DEFINITION 1. A function II: S-+ [0, 1] is a fuzzy subgroupoid of S if, for 
all x, y in S, 
P(XY) 3 Min(e, PY). 
DEFINITION 2. If S is a group and p is a fuzzy subgroupoid of S then TV is 
a fuzzy subgroup of S if, for each x in S, 
These definitions were extended in [2] to include other so-called non-deter- 
ministic structures which are analogous to ordinary algebraic concepts (i.e.: 
ideals-fuzzy ideals, fuzzy homomorphic images, etc.). The properties of these 
“fuzzy” mathematical structures were then investigated. Unfortunately some 
mathematical structures which would intuitively seem to be “fuzzy” do not 
satisfy the stated definitions. Therefore it would seem appropriate to attempt to 
modify these definitions in order to include certain mathematical objects which 
would otherwise be excluded. One such attempt which has received some 
attention is to replace the closed interval [0, I] with a partially ordered set L. 
This approach was proposed by A. DeLuca and S. Termini in [I]. However in 
many interesting situations [0, l] is intrinsically a part of the structure and 
attempts to replace it with a partially ordered set are clumsy and unnatural. A 
second approach is to replace Min with some other semigroup on [O, I]. The 
purpose of this paper is to present examples which motivate such a study and to 
redefine fuzzy algebraic structures to meet the requirements of the examples. 
Properties of the new definitions will then be investigated. 
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II. EXAMPLES 
Two classes of examples will be presented in this section with specific instances 
used to show that the classes are not generally fuzzy algebraic structures with 
respect to the definitions which have been previously stated. 
EXAMPLE 1. Let S be the collection of all random variables on the pro- 
bability space (Sz, I%, P) and let A be any Bore1 subset of the reals which is a 
subgroup of the reals under addition. Of course S with pointwise addition is a 
groupoid. (In fact S is a group but we do not need the additional structure for 
our present purposes.) Define a function aA: S - [0, l] by aA = P{w E Q: 
X(w) E A} = P[X-l(A)]. Now aA is the probability that X is “in” the sub- 
group A. The function 01~ is a natural candidate for a fuzzy subgroupoid; 
however, unfortunately, it may not satisfy Definition 1. To see this let Q = [0, 11, 
GZ be the Bore1 subsets of [0, I] and P be Lebesgue measure. Let A be the 
integers. Define X and Y by 
X(w)= 1, UE[O,$] 
and 
Y(w) = 4, w E [O, g 
= 4, w E (i, l] zz 1, w E (4, 11. 
Now X and Y are random variables and X + Y is defined by 
(X + Y) (w) = 9, CJJ E [O, $1 
z 2, 0.J E (4, 41 
= g., w E (k, I]. 
Clearly P[X-‘(A)] = 4, P[Y-r(A)] = $ and P[(X + Y)-l (A)] = 6. Since 
aA(X + Y) = 4 < Min(&, $) = Min(ol,(X), a,(Y)), 
the function 01~ is not a fuzzy subgroupoid of S according to Definition 1. 
EXAMPLE 2. Let G be a group and let 1;2 be a family of subgroups of G. For 
each x in G let A, = (S E J2: x E S}. Let a be a u-algebra of subsets of Q such 
that A, E 6k’ for each x in G and let P be a probability measure on (Q, GZ). 
Define a function m,: G + [0, I] via m,(x) = P(A,) for each x in G. The 
number mn(x) can be interpreted as the probability that a subgroup chosen at 
random from the collection Sz will contain x as an element. In this example, it is 
the “subgroup” of G which is “fuzzy” in that one is uncertain which subgroup 
of G is under consideration. The function rnfi is surely a reasonable candidate 
for a fuzzy subgroup of G, and indeed it is according to Definition 2 if 52 is 
linearly ordered by set inclusion (see Proposition 3). However if Sz is not linearly 
ordered then mR need not satisfy Definition 2. For example let (2, +) be the 
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additive group of integers and for each positive integer i let Si be the subgroup 
of integer multiples of i. If Q = {S, , Ss , S,}, @ is the power set of Sz and P is 
defined on (a, a) via P(S,) = P(S,) = P(S,) = 8, then mo(6) = #, ~(15) = 3 
and ~~~(21) = 4. But mo(21) < Min(mo(6), m&15)) so that m, is not even a 
fuzzy subgroupoid of 2 according to Definition 1. 
III. T-NORMS AND NON-DETERMINISTIC ALGEBRA 
A class of semi-groups on [0, l] called t-norms were introduced in [3] by 
B. Schweizer and A. Sklar in order to generalize the ordinary triangle inequality 
in a metric space to the more general probabilistic metric spaces. The definition 
of a t-norm is as follows. 
DEFINITION 3. A t-norm is a function T: [0, l] x [0, I] + [0, I] satisfying, 
for each E, X, 5, 17 in [O, I], 
(1) T(O,O) = 0, T(h, 1) = h = T(l, h) 
(2) T(E, A) < T(f, 7) if E < f and X < 77 
(3) T(E, 4 = T(k 4 
(4) T(c, T@, 5)) = W’-(E, 4, 0). 
Obviously the function Min defined on [0, l] x [0, l] is a t-norm. Other 
t-norms which are frequently encountered in the study of probabilistic metric 
spaces are T,,, and Prod defined by 
and 
T&, P) = Max@ + P - 1,O) 
Prod(h, p) = X . p 
for each h, p in [0, 11. 
Perhaps it is in order to explain why a function T with these particular 
properties is being suggested to relax the more stringent condition imposed by 
Min. To this end, consider the inequality 
obtained by replacing Min with T in the inequality of Definition 1. 
The condition T(0, 0) = 0 says, “No information concerning x and y indi- 
vidually being members of the subgroupoid yields no information about xy 
being in the subgroupoid.” The condition T(X, 1) = h = T(l, A) says, “If 
it is certain that one of x and y, say x, is in the subgroupoid then the amount of 
information obtained about xy being in the subgroupoid is at least as great as the 
amount of information possessed concerning y belonging to it.” Condition (2) 
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says that the more information possessed concerning x and y individually being 
in the subgroupoid, the more the information is yielded about xy belonging to 
the subgroupoid. Conditions (3) and (4) are essential if, respectively, commuta- 
tive and associative subgroupoids are to be investigated. 
In light of the above discussion it would seem appropriate to define fuzzy 
algebraic structures in the following way. 
DEFINITION 4. A function t.~: S + [0, l] is a fuzzy subgroupoid of S with 
respect to a t-norm, T, if and only if for every x, y in S, 
PL(XY) 3 T(w PY). 
DEFINITION 5. If S is a group, a fuzzy subgroupoid p of S with respect to a 
t-norm, T, is a fuzzy subgroup of S if and only if for each x in S, 
&-9 = P(X)* 
The following propositions show that the new definitions eliminate the pro- 
blems uncovered by the examples in Section II. 
PROPOSITION 1. The junctions 01~ defined in Example 1 of Section II are all 
fuzzy subgroups with respect o the t-norm, T,* . 
Proof. Let w E X-l(A) n Y-l(A). Then X(W) E A and Y(W) E A. Since A is 
closed under addition (X + Y) (w) = X(W) + Y(w) E A. Therefore 
w E (X + Y)-l (A), i.e., X-l(A) n Y-l(A) C (X + Y)-l (A). Consequently, 
aA(X + Y) = P[(X + Y)-l (A)] 3 P[X-l(A) n Y-l(A)] 
= P[X-l(A)] + P[Y-‘(A)] - P[X-l(A) u Y-l(A)] 
3 %(X) + %4(Y) - 1. 
Since (Y,JX + Y) 3 0, it is immediate that 
aa(X + Y) 2 Max(cu,(X) + aA - 1,O) = G(~A(X), PA). 
Therefore ol, is a fuzzy subgroupoid of S with respect to the t-norm, T, . 
Moreover, since A is a group, if XE S, then X-l(A) = {W E Q: X(W) E A} = 
(w E a: -X(w) E A} = (-X)-l (A). Therefore Q(X) = P[X-l(A)] = 
P[(-Xx)-l (A)] = (YA(-X) and hence cl, is a fuzzy subgroup of S with respect 
to T,,, . 
PROPOSITION 2. The functions mR defined in Example 2 of Section II are all 
fuzzy subgroups with respect o the t-norm, T,, . 
409/6911-9 
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Proof. Let S E A, n A, . Then S is a subgroup of G, x E S and y E S. This 
implies that xy E S and hence S E A,, . Therefore A, n A, C A,, . Now 
mn(xy) > 0 and 
w&y> = P&J > P(4 n A,) = P(4) + J’(4) - P(& u A,) 
bm&)+m&9- 1. 
Therefore, m,(xy) > T,(m,(x), ma(y)) and consequently mo is a fuzzy sub- 
groupoid of G with respect to T, . Note that if SE A, then x E S and hence 
x-l E S. This implies that SE A,-I. Therefore A, C A,-1 and similarly 
A,-1 C A,. Consequently A, = AZ-1 . Thus mD(x) = P[AJ = PIAsc-l] = 
mn(x-1) and it follows that mR is a fuzzy subgroup of G with respect to T, . 
PROPOSITION 3. The functions m, defined in Example 2 of Section II are all 
fuzzy subgroups with respect to the t-norm Min if Q is linearly ordered by set 
inclusion. 
Proof. Let x, y E G. Since 52 is linearly ordered, either A, C A, or A, C A, . 
Without loss of generality suppose A, C A, . If SE A, then SE A, and hence 
y E S. Since S is a group xy E S and consequently S E A,, . Therefore A, C A,, 
and P(A,J > P(A,) > Min(P(A,), P(A,)). Therefore m,(xy) 3 Min(mo(x), 
msa(y)) so that mo is a fuzzy subgroupoid of G with respect to Min. Since 
A, = A,--1 (see the proof of Proposition 2), ma(x) = mQ(x-l). Hence m, is a 
fuzzy subgroup of G with respect to Min. 
IV. PROPERTIES OF FUZZY ALGEBRAIC STRUCTURES SATISFYING DEFINITION 4 AND 5 
Virtually all of the properties of fuzzy algebra with the t-norm Min which 
were established by Rosenfeld in [2] remain valid using any other t-norm, T. 
There are, however, some minor variations. For example if p is a fuzzy sub- 
groupoid of S with respect to Min then for every 0 in [0, 11, S, = (2 E S: 
p(Z) > 0} is a subgroupoid of S. This result does not hold, however, for a general 
t-norm, T. On the other hand the anticipated relationships between fuzzy 
algebra and characteristic functions and the results on the lattice structure of 
fuzzy algebra established in [2] all hold if Min is replaced by a general t-norm, T. 
Some of the results in [2] can be strengthened and, in fact, stated in their 
stronger form using general t-norms. For example the following definitions were 
stated and the following proposition was proved. 
DEFINITION 6. A fuzzy set p in S has the “sup property” if for any H C S 
there exists an h, in H such that p(h,,) = suphoH p(h). 
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DEFINITION 7. If TV is a fuzzy set in S and j is a function defined on S, let 
pf be defined on j(S) by #(y) = suprs,-lu,) p(x) for ally in j(S). The fuzzy set 
pf in j(S) is called the image of p under j. 
PROPOSITION. If j is a homomorphism on a groupoid S and p is a fuzzy sub- 
groupoid of S which has the “sup property” then the image of p under j is a fuzzy 
subgroupoid on j(S). 
This proposition can be strengthened in the following way. To do so we need 
the following definition. 
DEFINITION 8. A t-norm, T, is continuous if it is a continuous function (with 
respect to the usual topologies) from [0, l] x [0, I] into [0, I]. 
Notice that Min, Prod and T, are all continuous t-norms. 
PROPOSITION 4. If p is a fuzzy subgroupoid on S with respect o a continuous 
t-norm, T, and ijj is a homomorphism on S then pf is a fuzzy subgroupoid on j (S) 
with respect o T. 
Proof. Let yi , ys be in j(S), let A, = j-‘(yl), A, = j-l(y.J, A,, = 
f-Yyly2), and let AlA2 = { x E S: x = %a, for some a, E A, and a2 E A,}. If x 
is in A,A, then x = x1x2 for some xi in A, and x2 E A, so that j(x) = j(x+J = 
f(xdf(4 = ~1~2 . Thus 44 C 42 - Since p is a fuzzy subgroupoid of S 
with respect to T and since A,A, C A, , 
Now T is continuous. Therefore if E is any given positive number, there exists 
a number S > 0 such that if X: > supz.+, I - S and x$ > SUP,+~, p(xJ 
- S then T(xf, 23) 2 T(~uP,~,.+&& SUP~,~A,I~(X~)) - c. Choose a, ~4 
anda, ~~~ such that&,) 3 SUP,~,~,&~) - 6 and&,) > q+,+ 4x2) - 6. 
Then 
and hence pf is a fuzzy subgroupoid on f (S) with respect to T. 
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Most of the results established for fuzzy subgroups with respect to Min 
have variations which are valid for t-norms of a more general nature. A few 
typical examples follow. 
PROPOSITION 5. If p is a fuzzy subgroup of a group S with respect to a t-norm, 
T, then H = (x E S: p(x) = l} is either empty or is a subgroup of S. 
Proof. If x, y belong to H then ~(xy-l) 3 T@, py-‘) = T(PLX, py) = 
T(1, 1) = 1. Therefore ~(xy-l) = 1 and xy-l E H. Consequently H is a sub- 
group of S. 
PROPOSITION 6. If TV is a fuzzy subgroup of a group S with respect to a t-norm, 
T, and if there is a sequence (xn} in S such that lim,,, T(Px~ , px,) = 1 then 
p(e) = 1 where e is the identity in S. 
Proof. Let x belong to S. Then p(e) = p(xx+) > T(px, TV+) = T&x, px). 
Therefore for each n, p(e) > T(px, , px,). Since 1 > p(e) > lim,,, T(px, , 
px,) = 1 it follows that p(e) = 1. 
PROPOSITION 7. Let TV be a fuzzy subgroup of a group S with respect to a t-norm, 
T. If~(xy-~) = 1, then /J(X) = p(y). 
Proof. 
p(x) = p((xP) Y) 3 T(P(xY-~), PY) = W, PY) = PY = P”(Y-‘) 
= p(x-l(xy-l)) 3 T(&l), /~(xy-l)) = T(t&+), 1) = CL(X-‘) 
= CL(x) 
PROPOSITION 8. Let TV be a fuzzy set on a group S and let T be a given t-norm. 
Lf p(e) = 1 and P(XY-~ 2 T(cL+ 4y))f or all x, y in S, then t.~ is a fuzzy subgroup 
of S with respect to T. 
Proof. ~(y-l) = p(ey-l) > T(ue, py) = T( 1, py) = py and similarly p(y) > 
~(y-l) so that p(y) = ~(y-l). Moreover, 
&Y) = MY-W 3 T(w P(Y-l)) = T(w PA. 
Thus p is a fuzzy subgroup of S with respect to T. 
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